Abstract. The purpose of the present paper is to consider the notion of isoclinism between two finite groups and its generalization to n-isoclinism, introduced by J. C. Bioch in 1976. A weaker form of n-isoclinism, called relative n-isoclinism, will be discussed. This will allow us to improve some classical results in literature. We will point out the connections between a relative n-isoclinism and the notions of commutativity degree, n-th nilpotency degree and relative n-th nilpotency degree, which arouse interest in the classification of groups of prime power order in the last years.
Introduction
The notion of isoclinism was introduced by P. Hall in 1940 in [8] , looking for a satisfactory classification of groups of prime power order. However, the notion of isoclinism holds both in finite and infinite group theory. It is obvious that an isomorphism is an equivalence relation in the class of all groups and this allows us to classify two groups. An isoclinism is a more general equivalence relation in the class of all groups and it is easy to see that two abelian groups fall into the same equivalence class with respect to isoclinisms (see [1, Theorem 1.4] or [8] or [9] ). Roughly speaking, two groups H and K are isoclinic if their central quotients H/Z(H), K/Z(K) are isomorphic and if their commutator subgroups H ′ , K ′ are isomorphic. If we look at the construction of the finite extra-special 2-groups (see [15, pp.145-147] ) and at the construction of the quaternion groups (see [15, pp.140-141]), then we will find such groups in the situation which has been just described. For instance, we may think to the dihedral group D 8 of order 8 and to the quaternion group Q 8 of order 8. We note that both are isomorphic. Situations as we just mentioned have been largely studied in literature and it is well known the role of the isoclinism in the classification of the finite groups of prime power order as we can see in [3, 7, 8, 9, 10, 11, 12, 13, 14] .
Such references and many other works of the same authors investigate those group theoretical properties which are invariant under isoclinism. For example, J. C. Bioch and R. W. van der Waall [2] proved the invariance under isoclinism of the following hierarchy of classes of finite groups: abelian < nilpotent < supersoluble < strongly-monomial < monomial < soluble.
A successive contribution in the classification of the groups of prime power order with respect to the notion of isoclinism was given already by P. Hall. He introduced the varieties of groups in [9] . We can easily see that the variety of all trivial groups and the variety of all abelian groups yield to the notion of isomorphism and isoclinism, respectively (see [1, 2, 10] ). Varieties which extend the variety of abelian groups yield to notions which extend that of isoclinism . In this context, J. C. Bioch took the variety of all nilpotent groups of class at most n (n is a positive integer) and introduced the notion of n-isoclinism of groups (see [1] ). Successive contributions to the works of J. C. Bioch were given by [10] .
Recently, some interesting connections have been found between the notion of isoclinism and the probability that two randomly chosen elements of a group permute. In particular, probabilistic bounds have been found in [3, 4, 5, 6, 12, 13, 16] , giving restrictions in terms of the structure of a finite group. This paper follows such a line of research. Our main results extend both some classical results in literature on isoclinic groups as [1, 2, 8, 9, 10, 11] and some of the results in [3, 4, 5, 6, 12, 13, 16] . Section 2 recalls the technical definitions which we will use in Section 3 for getting to our main results. Some open questions both in infinite and finite case have been shown at the end of Section 3. Our notation and terminology is standard and referred to [15] .
Preliminaries
In this section, we recall two important definitions. Firstly, we recall the notion of commutativity degree and its generalizations. Secondly, we recall the notion of isoclinism, and its generalizations. They can be found in [1, 2, 3, 4, 8, 9, 10, 13] . From this point, the symbol n will denote always a positive integer.
For any finite group G, the commutativity degree of G is defined as the number of pairs (x, y) in G × G such that xy = yx, divided by |G| 2 . We denote it by d(G). In symbols: (G) and called the n-th nilpotency degree of G. In symbols: [13, Section 4] and [3] for more details). Now, we will introduce two further generalizations of d(G). If we take a subgroup H of a finite group G, we may define the relative commutativity degree of
and we may define the relative n-th nilpotency degree of
The second part of this section is devoted to define isoclinism, n-isoclinism, relative isoclinism and relative n-isoclinism. We start with defining isoclinism between two groups H and G, following [8] and recent consider-
Definition 2.1. Let G and H be two groups; a pair (ϕ, ψ) is called an isoclinism from G to H if :
(iii) the following diagram is commutative:
If there is an isoclinism from G to H, we say that G and H are isoclinic, writing briefly G ∼ H. It can be easily checked that the relation ∼ given in Definition 2.1 is an equivalence relation. Moreover, it is obvious that if G and H are isomorphic, then they are isoclinic. But the converse is not true. By a simple calculation, one may easily see that Q 8 and D 8 are isoclinic but not isomorphic.
A simple relation between isoclinism and commutativity degree is that two isoclinic finite groups have the same commutativity degree as we see in [13, Lemma 2.4] . Another relation between finite groups of commutativity degree equal to 
Definition 2.2. Let G and H be two groups; a pair (α, β) is called n-isoclinism from G to H if :
for each g 1 , ..., g n , g n+1 ∈ G and h 1 , ..., h n , h n+1 ∈ H.
One may easily check that the maps γ(n, G) and γ(n, H) in Definition 2.2 are well-defined.
If there is an n-isoclinism between G and H, we say that G and H are n-isoclinic, writing briefly by G n H.
It is clear that 1 and ∼ coincide, that is, a 1-isoclinism is an isoclinism. Follows from Definition 2.2 that n is an equivalence relation (see [1] or [10, Section 3]). If G and H are n-isoclinic, then they are (n + 1)-isoclinic by [10, Theorem 5.2] . This will be extended in Section 3.
Note that our terminology can be found in [1, 2, 7, 8, 9, 11] , as most of the terminology in the present section. 
where
for each h1, ..., hn ∈ H1, k1, ..., kn ∈ H2, g1 ∈ G1, g2 ∈ G2.
It is easy to check that the maps γ(n, H 1 , G 1 ) and γ(n, H 2 , G 2 ) in Definition 2.2 are well-defined.
If Definition 2.3 is satisfied, we say that (H 1 , G 1 ) and (H 2 , G 2 ) are relative n-isoclinic, writing briefly
Follows from Definition 2.3 that n is an equivalence relation (see also [1] or [10, Section 3]).
Note that there is not ambiguity if we use the symbol n both in Definitions 2.2 and 2.3, because in Definition 2.2 n is referred to groups and in Definition 2.3 n is referred to pairs of groups. We should also note that if two pairs (H 1 , G 1 ) and (H 2 , G 2 ) are relative n-isoclinic, then it is not necessary that G 1 and G 2 are n-isoclinic. 
Theorem C. Let G be a group and H, N be subgroups of G such that N ⊳ G and N ⊆ H. Then for all n ≥ 0,
).
In particular, if
Theorem D. Let H be a subgroup of a finite group G. Then the following statements are true. 
Theorem E. Let H be a subgroup of a finite group G such that Z(G) ⊆ H. Then d(H, G) =

Proof of Main Theorems
This section is devoted to describe our main results.
and only if there exist two isomorphisms α and β such that
Proof. It is clear by Definition 2.3.
Lemma 3.2. Let G 1 and G 2 be two n-isoclinic groups. Then for every subgroup H
Proof. Assume that (α, β) is an n-isoclinism from G 1 to G 2 as in Definition 2.3. Put
where H 1 is an arbitrary subgroup of G 1 . It is clear that H 2 is a subgroup of G 2 and α(
where 
and
where α ′ is the restriction of α under H 1 /(Z n (G 1 ) ∩ H 1 ) and β ′ is the restriction of β under γ n+1 (H 1 ). By [10,
The following fact compares two relative n-isoclinisms.
Proof. Let (α, β) be a relative n-isoclinism from (
by the rules ϕ(
x ∈ γ n+1 (H). Now, we claim that ϕ and ψ are isomorphisms.
, where x, y ∈ G 2 . Therefore either
Hence, a ∈ Z n+1 (G 1 ) and therefore ϕ is injective.
From α surjective, we conclude that ϕ is surjective. Therefore ϕ is an isomorphism and ϕ(
isomorphism. By Lemma 3.1, (α, β) is a relative n-isoclinism from (H,Ḡ) to ( H, G).
For proving (i) Theorem D, we need of the following lemma.
Lemma 3.4. Let G be a group and H be a subgroup of
Proof. We want to prove (H, H) n (H, G). Let G = HZ n (G). We may easily see that Z n (H) = Z n (G) ∩ H.
is an isomorphism which is induced by the inclusion i : H → G. Furthermore, we can consider α as
On the other hand, [ n H, G] = [ n H, HZ n (G)] = γ n+1 (H). By Lemma 3.1, the pair (α, 1 γn+1(H) ) allows us to state that (H, H) n (H, G).
The remaining cases (H, H) n (G, G) and (H, H) n (H, G) follow by a similar argument.
Proof of Theorem D. (i). By Lemma 3.4, we have (H, H)
by Theorem B and the result follows.
(ii). Assume ϕ ∈ Aut(G). Then ϕ induces the isomorphisms α from G/Z n (G) to G/Z n (G) by the rule
Note that
On another hand, for every g ∈ G and
By Lemma 3.1, the pair (α, β) implies that (H, G) n (ϕ(H), G) and so
Theorem C has two useful consequences, as we see in the next statements.
Corollary 3.5. Let H be subgroup of a group G. Then there exists a group G 1 and a normal subgroup
Proof. Let 1 → R → F → G → 1 be a free presentation of G, S be a subgroup of F , H be a group isomorphic to S/R. IfF = F/(R ∩F ′ ) andS = S/(R ∩F ′ ), then Theorem C with n = 1 implies (H, G) 1 (S,F ). On
Therefore, for some normal subgroupB ofF , Z(F ) ∩S = (Z(F ) ∩S ∩F ′ ) ×B. NowB ∩F ′ = 1 and we have (H, G) 1 (H 1 , G 1 ) again by Theorem C with n = 1, where 
Proof. By Theorem B and Corollary 3.5 the result follows.
We know that
It is easy to check that
and that
Theorem E shows that all pairs of groups with the relative commutativity degree 3 4 belong to the class of relative 1-isoclinism of ( a , D 8 ).
The following lemma gives an upper bound for d(H, G) which will be used in the proof of Theorem E.
Lemma 3.5. For every subgroup H of a finite group G,
Proof.
Proof of Theorem E. Assume d(H, G) = Finally, we state the following conjecture.
Conjecture. Theorems B and D hold when G 1 and G 2 are two infinite groups.
We note that Definitions 2.1, 2.2 and 2.3 hold also in the infinite case. The same happens for Lemmas 3.1, 3.2, 3.4, Proposition 3.3, Theorem A and Theorem C. This allows us to ask whether conditions as in Theorems B and D can happen in the infinite case. We strongly believe that the conjecture is true at least in the case of compact groups, when a suitable notion of commutativity degree is introduced. We have some evidences in special cases as [16, Theorems A and B] and in recent submitted papers by the authors.
